THE WEIGHTED MONGE- AMPERE ENERGY OF 
"S-"; QUASIPLURISUBHARMONIC FUNCTIONS 

o 

CN ■ VINCENT GUEDJ & AHMED ZERIAHI 

U . 
Ph. 

, Abstract. We study degenerate complex Monge- Ampere equations on 

' a compact Kahler manifold {X,uj). We show that the complex Monge- 

' Ampere operator {ui + d(F-)^ is well-defined on the class £{X,uj) of 

. tj-plurisubharmonic functions with finite weighted Monge-Ampere en- 

ergy. The class £{X,u)) is the largest class of Li;-psh functions on which 
the Monge-Ampere operator is well-defined and the comparison princi- 
ple is valid. It contains several functions whose gradient is not square 
' integrable. We give a complete description of the range of the operator 

^ , (ul! ~\- dd!^-)" on £{X,u)), as well as on some of its subclasses. 

" ■ We also study uniqueness properties, extending Calabi's result to this 

unbounded and degenerate situation, and we give applications to com- 
plex dynamics and to the existence of singular Kahler-Einstein metrics. 
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■ Let X be a compact connected Kahler manifold of complex dimension 

\^ . n G N*. Let w be a Kahler form on X. Given /i a positive Radon measure on 

\ X such that /u(X) = f-^uj"', we study the complex Monge-Ampere equation 



where ip, the unknown function, is such that uj^ := lo + ddf^if is a positive 
current. Such functions are called w-plurisubharmonic (cj-psh for short). 
We refer the reader to [GZ 1] for basic properties of the set PSH(X,lo) of 
^ ' all such functions. Here d = d + d and d'^ = — d). 

Complex Monge-Ampere equations have been studied by several authors 
over the last fifty years, in connection with questions from Kahler geometry 
and complex dynamics (see [A], [Y], [T], [K 1,2], [DP], [S], [EGZ] for refer- 
ences). The first and cornerstone result is due to S.T.Yau who proved [Y] 
that (MA)^ admits a solution ip € PSH{X,lj) nC^iX) when jj = /w" is a 
smooth volume form. 

Motivated by applications towards complex dynamics, we need here to 
consider measures fj, which are quite singular, whence to deal with singular uj- 
psh functions We introduce and study a class £{X,lo) of a;-psh functions 
for which the complex Monge-Ampere operator (u; -|- dd'^ip)'^ is well-defined 
(see Definition 1.1): following E.Bedford and A.Taylor [BT 4] we show that 
the operator {oj + dd'^ip)'^ is well defined in X \({p = —oo) for all functions 
(p G PSH{X,uj); the class £{X,u)) is the set of functions ip £ PSH(X,lj) 
such that (w -|- dd^ipy" has full mass Jx^^ m X \ (ip = — oo). When n = 
dime A = 1, this is precisely the subclass of functions ip £ PSH{X,ui) 
whose Laplacian does not charge polar sets. It is striking that the class 
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£{X,u;) contains many functions whose gradient is not square integrable, 
hence several results to follow have no local analogue (compare [Bl 2,3]). 

One of our main results gives a complete characterization of the range of 
the complex Monge- Ampere operator on the class £{X,uj). 

Theorem A. There exists ip e £{X,u!) such that /i = {u + dd'^ip)"' if and 
only if n does not charge pluripolar sets. 

An important tool we use is the comparison principle that we establish 
in section 1: we show that £{X,oj) is the largest class of w-psh functions on 
which the complex Monge- Ampere operator (lj + dd'^-)'^ is well defined and 
the comparison principle is valid. Another crucial tool for our study is the 
notion of weighted Monge-Ampere energy, defined as 

Exi^) ■■= [ {-x)oip{uJ + dd'=ipr, 
Jx 

where x ■ ^ is an increasing function such that x{~^) = — oo. The 
properties of this energy are quite different whether the weight x is convex 
{x £ VV~) or concave {x G W"*"). We show (Proposition 2.2) that 

£{X,u;)= U £y,iX,u;), 

where £y^{X,u!) denotes the class of functions ip G £{X,u!) such that x{f ~ 
supx £ ^^{{'^ + dd'^if)"'). At the other extreme, we show (Proposition 
3.1) that 

PSH{X,u;)nL'^{X) = Pi £y^iX,uj). 

xew+ 

The function x(t) = t is - up to multiplicative constant - the unique 
weight in W~ n >V+. We let 

£\X,cj) := {(pe£{X,u)/(pe L^((a; + ddV)")} 

denote the class £y.{X,uj) for x(t) = t. When n = dimcX = 1, this is 
the classical class of quasi-subharmonic functions of finite energy. It de- 
serves special attention both for the theory and the applications. Indeed 
all functions (p G £^{X,uj) have gradient in Lp'iuj'^), while the gradient of 
most functions in £^{X,lx)), x ^ \ , does not belong to L'^{oj'^) (see 
Example 2.14), in contrast with the local theory [Bl 2,3]. 

We obtain the following extension of Calabi's uniqueness result [Ca]. 

Theorem B. Assume {u + dd'^ip)"' = {lo + dd'^ijj)"' with if G £{X,u!) and 
ip G £^{X,uj). Then (p — tp is constant. 

It is an interesting open question to prove uniqueness of solutions as above 
in the larger class £{X,uj). 

We also study the range of the Monge-Ampere operator on subclasses 
£^{X,uj), when xit) = -(-*)^, P > 0, letting 

£P{X, cj) := {(p G £{X, u;)/ipe U>{{u + dd^pf)} 

denote the corresponding class £^{X,ijj). 

Theorem C. There exists ip G £p{X,uj) such that n = {u + dd'^cp)"' if and 
only if£P{X,Lo) C LP(/x). 
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This result also holds for quasihomogeneous weights (see Lemma 3.9). It 
was obtained in a local context by U.Cegrell [Ce 1] when p> 1. 

On our way to prove Theorems A,B,C, we establish several intermediate 
results (the class £{X,lo) is convex, weighted Monge- Ampere operators are 
continuous under decreasing sequences, etc) most of which are valid when 
LO is merely a positive closed (1, l)-current with bounded potentials. This is 
motivated by applications towards complex dynamics and complex differen- 
tial geometry, as we briefly indicate in section 5. 

This article is an expanded version of our previous preprint [GZ 2]. 
Acknowledgement. We are grateful to the referee for his careful reading 
and for his suggestions which helped to clarify the exposition. 

1. The class £{X,uj) 

In the sequel X is a compact Kahler manifold of dimension n, and a; is a 
positive closed (1, l)-current with bounded potentials, such that Jx^^^ > 0. 
We let PSH{X,uj) = e L^iX) / if is u.s.c. and dd^ip > -lo} denote the 
set of w-plurisubharmonic functions (w-psh for short) which was introduced 
and studied in [GZ 1]. 

1.1. Defining the complex Monge- Ampere operator. It follows from 
their plurifine properties that if u, v are bounded plurisubharmonic functions 
in some open subset £) of C", then 

(1) 1{„>^} [doJ'^n]" = l{u>v} [dd" max('u, v)]" 

in the sense of Borcl measures in D (see [BT 4]). 

Let cp be some unbounded w-psh function on X and consider (pj := 
max{p, — j) G PSH{X,uj) the canonical approximation of Lp by bounded 
a;-psh functions. This is a decreasing sequence such that, by (1), 

l{^^.>_fe}[a; + dd^ipjf = + dd'^max((^j, -k)]"" . 

Now if j > k, then [ipj > —k) = {(p > —k) and max((^j, —k) = (pk, thus 

(2) l{<p>-k} [^^ + dd^ipj]"" = l{^>_ik} [u + ddVfe]"- 
Observe also that {(p > —k) C {(p > —j), therefore 

j>k^ l{^>-j}[uj + ddVj]" > l{^>-k}[^ + dd^ipkf, 
in the weak sense of Borel measures. Since the total mass of the measures 
+ dd^pjY'' is uniformly bounded from above by Jx^^^ by Stokes 
theorem, we can define 

/i^ := lim lj y_.jy[u; + dd.''pjY'-. 

This is a positive Borel measure which is precisely the non-pluripolar part 
of {lo + dd'^ip)'^, as considered in a local context by E.Bedford and A.Taylor 
in [BT 4]. Its total mass fiipiX) can take any value in [0, J^a;"]. 

Definition 1.1. We set 

£{X,uj) := {ip e PSH{X,uj) / ii^{X) = [ w"}. 

Jx 

An alternative definition is given by the following observation: 
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Lemma 1.2. Let (sj) be any sequence of real numbers converging to +00, 
such that Sj < j for all j G N. The following conditions are equivalent: 

(a) if e £{X, to); 

(b) {u + dd^vjr{ip<-j)^0; 

(c) (w + d(FifjY{'p < -Sj) 0, 

where ipj := max((^, —j) denotes the canonical approximation. 

Proof. By definition of /x<^, we have 

fiJX)= [ uj''- lim (a; + ddV,-)"(v' < -j), 
Jx 

hence (a) is equivalent to (b). It follows from (2) (with k = sj) that 

((J + dd''(fj)"-{(p < -Sj) = (w + dd''(psj)"-{(p < -Sj), 

since Sj < j. This shows that (b) is equivalent to (c). □ 

When X is a compact Riemann surface (n = dime X = I), the set £{X, uj) 
is the set of w-subharmonic functions whose Laplacian does not charge polar 
sets. It follows from the above discussion that any a;-psh function has a well 
defined complex Monge- Ampere operator (uj + dd'^ip)"' in X\{ip = —00), and 
jj,^ is the trivial extension of {to + dd'^ip)"' through (</? = —00). A function 
ip belongs to £{X,(jj) precisely when its complex Monge- Ampere has total 
mass Jx^^ in X\{ip = —00), hence it is natural to use the notation 

(a; + dd''(p)'^ := jx^ = lim l|^>_,}[a; + dd^ipjY", 
for ip G £{X,(jj). 

Theorem 1.3. Let (p G £{X,lo). Then for all bounded Borel function b, 

(3) ((cu + ddV)",^') = lim + ddVj 

j— >+oo 

where ipj := max((/3, —j) is the canonical approximation of ip. 
Ln particular {lo + dd'^ip)'^ puts no mass on pluripolar sets, and 

(4) l{^>-,}(^ + dd'^^TiB) = l{^>_,}(u; + dd'ipj)^{B) 
for all Borel subsets B d X. 

Let us emphasize that the convergence in (3) implies - but is much 
stronger than - the convergence in the weak sense of positive Borel measures, 

(w + ddVj)" — + dd'^ip)'^. 

Several results to follow are a consequence of fact (3): the complex Monge- 
Ampere measure {lo + dd'^p)^ of a function ip G £iX, uj) is very well approx- 
imated by the Monge- Ampere measures (a; + dd'^ipj)"'. 

Note also that the complex Monge- Ampere operator (a; -|- dd'^ip)'" is thus 
well defined for functions p G £{X,lu), although these functions need not 
have gradient in L'^(X) (see Theorem 1.9 and Example 2.14). This is in 
contrast with the local theory [Bl 2,3]. 

Proof. Recall that ip G £{X,io) if and only if (w + dd'^ipjY^ip < —j) 0, 
where ipj := max((^, —j). We infer that for all Borel subset B C X, 

{i^ + dd^ipY\B):= lim / (u; + ddVjr= Hm /(w + ddVif- 
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This yields (3), by using Lebesgue dominated convergence theorem. 

Since (u+dd'^ipj)"' does not charge any pluripolar set B, the same property 
holds for (a; + ddFipY- Equality (4) now follows from (2) and (3). □ 

Since {u + dd'^ip)'^ does not charge the pluripolar set {if = — oo) when (p G 
£{X,U)), one can construct a continuous increasing function h : M"*" 
such that /i(+oo) = +cxd and ho\(f \ e L^{{uj + dd'^ip)"'). This motivates the 
following result. 

Proposition 1.4. Fix ip € £{X,uj) and let h : M+ — > M+ be a continuous 
increasing function such that h(+oo) = +oo. Then 

/ ho \ip\{LO + dd'^(p)"' < +00 ^^=^ sup ho \(pj\{LO + dd'^cpj)"' < +00, 
Jx j>0 Jx 

where ipj := max((^, — j). 

Moreover if this condition holds, then for all Borel subset B G X, 

(5) [ho + dd^^jf — ^ [ ho\(p\{iu + dd^^Y. 

Jb Jb 

Proof. We can assume without loss of generality that ip,(pj < 0. 

Assume first that sup^^Q J-^ho + dd'^pj)^ < +oo. Since the Borel 

measures h{ — ipj){uj + dd'^ipj)^ have uniformly bounded masses, they form 
a weakly compact sequence. Let be a cluster point. Since the functions 
h{—ipj) increase towards h{—ip) and {lo + dd^tpj)'^ converges towards (a; + 
dd'^cp)"^, it follows from semi-continuity that h{—(p)(uj + dd'^^p)'^ < v, hence 

h{-ip){uj + (irfV)" < ''(X) < +00. 

Conversely assume that h{—ip) G -^^((o; + dd'^ </?)"). It follows from (4) 
that 

/ = / <- [ = I < 

J{^<-j) Jx J{f>-j) J{f<-j) 

Here - and in the sequel - we use the notation u^p := u + dd'^ip, u^^ = 
LO + dd'^ifj. Thus by (4) again, 



= I h{j)u;; + [ h{-^)u^^ 

J(tj><-i] J(<j»-i) 



n 



Moreover if B C X is a Borel subset, then 

/ h{-^i)ui. - I hi-^)u:^ < I h{-p^)ui. + 1 h{-^)u^^ 

JB JB JBni<p<-j) JBni<p<-j) 

J{<p<-j) 

□ 
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1.2. The comparison principle. We now establish the comparison prin- 
ciple which win be an important tool in the sequel. 

Theorem 1.5. Let ip,ijj E £{X,aj), then 

J (<^<v) J (¥'<V) 

The class £{X,oj) is the largest subclass of PSH{X,co) on which the op- 
erator {u + ddP-)'^ is well defined and the comparison principle is valid. 

Proof. Assume first that (^,'0 are bounded. It follows from (1) that 
/ Lo'l = [lo + max((^, -0)]" = / - / [u + max((/p, V)]" 



i{ip>tl)) •Ji'p<i>) 
Replacing V'byV' — e,e>0, yields when e \ 0, 



/ a;; = lim// ojl<Yiu,/f = f co^. 



When (p, ijj are unbounded, we set (pj = max((^, —j) and ipj- = max(^, — A;). 
The comparison principle for bounded a;-psh functions yields 



/ [ 

J(^Pi<rbi.) J (it 



Observe that {ipj < ip) C {(pj < V'fc) C (9? < ipk). Letting k — > +00 in the 
corresponding inequality yields, by using monotone convergence theorem 
together with (3), 



/ ^i'< [ 



'i'fij<'4>) '^i'fi<'4') 
Letting now j +00, we infer < /(^<^) ^'l^- The desired inequal- 

ity now follows by replacing xjj hy — e, e > 0, and letting e ^ 0^. 

It turns out that the class S{X, cj) is the largest class of a;-plurisubharmonic 
functions on which the complex Monge- Ampere operator is well defined and 
the comparison principle is valid. Indeed let be the largest class with 
these properties, so that £{X,u!) C C PSH{X,uj) and 

/ (w + dd^ip)'' < [ + dd^u)"", 

J{u<ip) Jiu<ilj) 

for all u^Tp & J-. Note that this inequality is equivalent to the comparison 
principle 1.5 since the measures (uj + dd'^u)"', {uo + dd^ipy^ have the same total 
mass w". Fix (p G £{X, lo) and ip ^ and apply previous inequality with 
n = + c, c G M, to obtain 

{uj + dd^ipY{ip = -00)= lim / {u + dd^i^Y' < uj''{ip = -00) = Q. 

Since £{X,ui) characterizes pluripolar sets (Example 2.14), we infer uj'!^{ip = 
—00) = 0, hence ip G £{X,u!), i.e. = £{X,u!). □ 

This principle allows us to derive important properties of the class £{X, u). 
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Proposition 1.6. The class £{X,lo) is convex. Moreover if <f & £{X,u;) 
and ip G PSH{X,u) are such that f < ip, then G £{X,u;). 

Proof. The proof follows from the comparison principle together with the 
following elementary observation: If (p E PSH{X,uj) and Lp/2 G £[X,uj), 
then if G £{X,lli). Indeed set u = (p/2, Uj := max(u, — j), and (pj := 
max(<y9, —j). Observe that Uj = (p2j/'^ and 

ujuj := a; + dd'=(<^2j/2) = ^(^ + ^V2j) > \'^'P2j^ 

therefore 

/ (a;+ddV2j)" = / {u+dd''^2jT < 2" / {u+dd^UjT ^ 0. 

J(ip<-2j) J{u<-j) J(u<-j) 

We now use the comparison principle to show that if (/9 G <5(X, cj), -0 £ 
PSH{X,io) are such that ip < tp, then '0/2 G £{X,oo), so that ip G a;) 
by previous observation. Set v := and vj := m.ax{v, — j), (pj := 

max(99, — j). We can assume without loss of generality that p < ip < —2, 
hence v < —1. It follows from p < tp that 

[V < -j) C {p2j < Vj -j + l)c{p< -j), 

where the last inclusion simply uses Vj < —1. We infer 

< {v < -j) < [ < < / o;^, . < a;;^, . < -j) ^ 0, 

J {ip2j <Vj -j + l) J (V52j <Vj -j + l) 

as follows from Lemma 1.2. Thus v = G £{X,u)). 

Using the comparison principle again, we now show that if -0 G £(X, lo), 
then {p + iIj)/4: G £{X,uj). It follows then from our first observation that 
{p + ip)/2 G £{X,io), thus £{X,uj) is convex. Set w := (ip + ip)/A, Wj := 
max{w, —j), Pj := m8ix(p, —j) and ipj := max(V', — j). Observe that {v < 
—j) C {p < —2j) U {tp < —2j), thus it suffices to show that 0Jy.{p < 
—2j) 0. Assuming as above that p,tp < —2 yields {p < —2j) C {p2j < 
Wj — j + 1) C {p < —j), hence 

u^:,{'P < -2j) < cv^^.ip < -j) = cv:^.ip < -j) 0, 

as follows from Lemma 1.2. □ 

Corollary 1.7. If p e £{X,uj), tp G PSH{X,u), thenias^{p,ip) G £{X,u) 
and 

'^W>il}}[^ + dd^pf- = l{^>^,}[cj + dd''max(vj, -0)]". 

Proof. It follows from the previous proposition that u := max(<y9, ip) be- 
longs to £{X,uj). Set Pj = max((^, — j), ipj+i = max('0, — j — 1) and 
Uj := max{u, —j). Observe that m.ax{pj,ipj+i) = max((^, 0, — j) = Uj. 
Applying (1) yields 



{n>^j+i}{<^ + dd'^pjY = l{^^^>^^^^^}(w + dd' 



til- 



Recall from (3) that 1(^>^)W^^. l(^>^)tj^. Now {p > ip) C {pj > tpj+i) 
and (pj > ipj+i) \{p > ip) C {p < —j), hence 



< 



l(¥J,->V,+i) 1(¥'>V') 



w^,. < l(^<-j)a;^. ^ 0, 
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since G £{X,uj). This shows that 

One proves similarly that l|^^,>^^,^j}(ci; + dd'^Uj)^ l|(p>^}(a; + dd'^u)"', 
observing that > ipj+i) \{(p > tp) C {max[ip,tp] < —j). □ 

The previous proposition also shows that functions which belong to the 
class £{X,u!), although possibly unbounded, have mild singularities. 

Corollary 1.8. A function (p G £{X,uj) has zero Lelong number at every 
point X E X. 

Note that this is not a sufficient condition to belong to £{X,lo). It is 
for instance well known that, when n = 1, there are subharmonic functions 
whose Laplacian has no Dirac mass but nevertheless charges a polar set. 

Proof. For any point x & X, one can construct a function g G PSH{X,(jj) 
which is smooth but at point x, and such that g ~ clog dist(-, x) near x, 
for some constant c > 0. Such a function g has well defined Monge- Ampere 
measure {lo + dd^if)^ and the latter has mass > at point x (see [Dem]). 
Therefore p ^ £{X,uj). 

Now if G PSH{X,u) has a positive Lelong number at point x, then 
ip < jg + C on X, for some constants 7, C > 0, so it follows from the 
previous result that (p does not belong to £{X,uj). □ 

We will see in the next section (Theorem 2.6) that the complex Monge- 
Ampere operator (p G £{X,lo) 1-^(0; + dd'^ip)"' is continuous under any 
decreasing sequences. 

Theorem 1.9. Let ipj G S{X,lo) be any sequence decreasing towards ip G 
£{X, u). Then {cj + dd^^j^ — > {u + dd^^p^. 

The proof of this result uses some properties of the weighted Monge- 

Ampere energy that we introduce in section 2. The following consequence 
will be quite useful when solving Monge- Ampere equations in section 4. It 
is due to E.Bedford and A.Taylor [BT 1,3] when V' are bounded. 

Corollary 1.10. Assume ip,ip ^ £{X,u)) are such that {u) + dd^ip)'^ > ji and 
{u + dd'^tp)'^ > jjL for some positive Borel measure ji on X. Then 

[u + dd'^ max((^, V')]" > ^l■ 

Proof. Observe that max((^, V^) G £{X,uj) by Proposition 1.6. It follows 
from Corollary 1.7 that 

+ dd'^ max((^, V')]" > l{^>^}(a; + ddV)" + l{<^<v>}('^ + f^c?''V')" > ^if^^}!^- 

Thus we are done if fi{ip = ip) = 0. 

Assume now that fj,{p = iJj) > 0. Wc show hereafter that fi{ip = V-'+^o) = 
for all to E M.\Ifj, where is at most countable. Assuming this, we can find 
a decreasing sequence Sj \ such that /x((^ = i/j + Sj) =0. Replacing by 
ijj + £j above yields 

[a; + dd'^ max{(p, tp + e^-)]" > fi. 
The desired inequality therefore follows from Theorem 1.9. 
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It remains to show that := {to G M / = -0 + ^o) > 0} is at most 
countable. Consider / : f G M i— ij.{{ip < + € This is an increasing 
function which is left continuous since /Lt is a Borel measure. Moreover 

lim fit) =n{{ip<^ + to}\{4^ = -oo}) = n{{ip < V + to}) 

since = — oo) < = — oo) = 0. Therefore / is continuous at 

to unless = ip + to) > 0. Thus the set 1^ coincides with the set of 
discontinuity of / which is at most countable. □ 

2. Low-energy classes 

Let X '■ ~^ be a convex increasing function such that x(— oo) = 
— oo. It follows from the convexity assumption that 

< {-t)x'{t) < i-x)it) + x(0), for ah t G R". 

A straightforward computation shows that x ° ^ PSH{X, lo) whenever 
(fi G PSH(X,oj) is non positive and such that x' ° V — 1- Indeed 

dd'^X o ^ = x" ° V dip /\ d^ip + x' ° dd^if > —uj. 

Our aim here is to study the class of oj-psh functions with finite x-energy. 

Definition 2.1. We let £^{X,uj) denote the set of u-plurisubharmonic func- 
tions with finite x-^nergy, i.e. 

£^{X,u;) := {p G £{X,u;) / xHv\) G L^icu + dd'^pf')} . 

Observe that this definition is invariant under translation both of the 
function (p i— tp+c, c G R, and of the weight x i— X~x(0)- We shall therefore 
often assume that the functions we are dealing with are non-negative, and 
we will always normalize the weight by requiring x(0) = 0. We let 

W~ := {x : R^ R^ / X convex increasing, x(0) = 0, x(— oo) = — oo} 

denote the set of admissible weights. 

Proposition 2.2. 

£{X,u)= (j £^{X,uj). 
xew- 

Proof. Fix (p G £{X,oo). Its complex Monge- Ampere measure {uj + dd'^ip)"' 
is well defined and does not charge the phiripolar set {(p = — oo). One 
can construct a continuous increasing function h : such that 

/i(+oo) = +00 and h o \ip\ G L^{{io + dd'^ip)'^). Note that we can assume 
without loss of generality that h is concave (replacing if necessary h by a 
concave increasing minorant h < h such that h{+oo) = +00). Therefore 
ip G £^{X,uj), where x(t) := —h{—t). □ 

Observe that the union is increasing in the sense that £xi^i ^) C £xi^: ^) 
whenever x = 0(x) infinity. Observe also that x = 0{ld), as follows from 
the convexity assumption, hence for all x € W~, 

£xiX,u;) D £\X,u) := {ip G £{X,u;) / ip E ^^(a;^}. 

When n = dimc^ = 1, £^{X,u!) is the classical class of quasi-subharmonic 
functions of finite (unweighted) energy. 
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In the rest of section 2, x G denotes a fixed admissible weight and 
Exiv) ■■= I (-x)o<^(a; + ddVr 

JX 

denotes the x-energy of a function ^p G £^{X,uj), ip <Q. 

2.1. Useful inequalities. Many properties of the class £^{X,uj) follow 
from simple integration by parts, as shown by the following result. 

Lemma 2.3 (The fundamental inequality). Let (pjtp & PSH{X,u)) H 
L°°{X) be such that ip<'4><0. Then 

0< / (-x) o V + dd'^Vr < 2" / (-x)o<^(w + ci(^Vr- 

JX JX 

Proof. The proof follows from a repeated application of the following in- 
equality, of independent interest: let T be any positive closed current of 
bidimension (1,1) on X, then 

(6) 0< [ i-x) oipu;^AT<2 [ (-x) oipu^AT. 

JX JX 
Indeed observe that /j(^(— x) o V"^^ ^ ° hence it suffices to 

apply (6) with T = o;^ A ^ , < j < n — 1, to conclude. 

It remains to prove (6). Here - and quite often in the sequel - we are going 
to use Stokes theorem which yields J-^ udd^v AT = J vdd'^u A T, whenever 
u, V are bounded a;-psh functions. Let us stress that there is no need for a 
global regularization of w-psh functions to justify this integration by parts. 
We simply use the fact that udd'^v A T and vdd^u A T are well defined and 
cohomologous currents on X, since 

udd^v AT- vdd^u AT = dlud^v AT- vd^u A T] . 

The latter computation can be justified by using local regularizations to- 
gether with continuity results of [BT 3]. We can also assume the weight 
X is smooth and then approximate it by using convolutions. Observe that 
x' o ipoj + dd'^{x o ¥') > 0, hence 

0< / (-x)o^u;^Ar= / {-^)o^ujAT+ [ (-^p) dd'xo ^ AT 
JX JX JX 

< I i-x) o^uAT+ I [x'oipuj + dd^ix o^)]aT 

JX JX 

= f {-<P)X' o^uAT+ [ i-x) o^oj^AT. 
JX JX 

Observe now that < (— ¥')x' ° f ^ (~x) ° V and 

/ {-x)ovu^AT = / {-x)o^uAT+ / x' ° 'pdip A d^ip AT 
JX JX JX 

> I (-x)o¥"^AT, 
JX 

therefore Jx{~'P)x' o ipuj AT < (— x) o tpu^ AT, which yields (6). □ 
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It follows from Lemma 2.3 that the class £^^{X,uj) is stable under taking 
maximum. Another consequence of Lemma 2.3 is that a given a;-psh function 

belongs to £y-{X^Lo) if and only if any sequence ipj G PSH[X,lo) D L°°[X) 
decreasing to has uniformly bounded x-snergy. 

Corollary 2.4. Fix ip G £{X,io). The following conditions are equivalent: 

(1) ipG£^iX,Lo); 

(2) for any sequence ipj G PSH{X,lo) n L°°(X) decreasing towards ip, 
suPj>o Ix(.^x){\'Pj\){i^ + dd^ipjY < +oo; 

(3) there exists one sequence as in (2). 

Proof. It follows from Proposition 1.4 that 99 G £^{X,u)) if and only if 
supj>o /;^(— x)(~l¥'il)('^ + dd'^ifj)'"' < +00, where ipj := niax{(p, —j) is the 
canonical approximating sequence. Thus (1) is equivalent to (3). 

Assume (3) holds. If ipj G PSH{X,io) n L°°(X) is any other sequence 
decreasing towards ip, then ipj > ipk. for some (possibly large) kj G N, hence 
by Lemma 2.3, the sequence jx{~x){~\'^j\){^ + dd^ipj)'^'' is still uniformly 
bounded, showing (2). The reverse implication (2) (3) is obvious. □ 

We now establish an inequality similar to (6) , without any assumption on 
the relative localization of (p,ip. 

Proposition 2.5. Let T be a positive closed current of bidimension on 
< J < n, and let ifi,'ip<0 be bounded u-psh functions. Then 

0< / i~x)oV^i^T<2 f (-x)o(^u;^Ar + 2 /" {-x) o iPcj'^ AT. 

Observe that when T has bidimension (0,0), T = 1, this shows that 

Xo£^{X,u:)^L\^J), 

for any Monge- Ampere measure ji = {uj + dd'^^)"', ^ G £^{X,u;). We shall 
use this fact in section 4, when describing the range of the complex Monge- 
Ampere operator on classes £^{X,u!). 

Proof Observe that x'(2i) < x'(i) for all t <0, hence 

r 1-0 rO 

/ (-x)o(^cu^Ar= / x'itW^^T{^<t)dt<2 x!{tW^f\T{ip<2t)dt. 
JX J—oo J —oo 

Now {(f < 2t) C {(fi < + 1) U {tp < t), hence 

f {-x)oipJ^AT<2 f x'{t)oj'^^T{^<^ + t)dt + 2 f {-x)o^lo'^AT. 

J X J — oo J X 

The comparison principle yields A T{ip < + t) < Lo'ip A T{ip < ip + t). 
The desired inequality follows by observing that (ip < ip + 1) C {/p < t) . □ 

2.2. Continuity of weighted Monge- Ampere operators. We are now 

in position to prove a strong version of Theorem 1.9. 

Theorem 2.6. Let ipj G PSH{X,lo) be a sequence decreasing towards (p G 
£-)^{X,uj). Then ipj G £^{X,u!) and (u + dd'^ipj)"' — > (u + dd'^ip)'^. Moreover 
for any x € VV~ such that x = o(,x)> one has 

xHVjl) (a; + cZdVif X{-\V\) + dd'^ipr. 
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When ipj := max((p, —j) is the canonical approximation, then 

for all Borel subsets B C X . 

Observe that Theorem 1.9 easily follows from this result together with 
Proposition 2.2. 

Proof. Step 1. Assume first that ipj := max((^, —j). For B C X, 

/ Ixl ° 'Pj - \x\°Vi^^ < / \\X\ o <Pj + Ixl o <^t^^ 

< 2 / \^\o^uj:^^0, 
J{f<-j) 

since % o G L}{uj'^). We have used here the upper bound 

/ (-x)o^,u;« = i-x)i-j)f < 

= (-X)(-J) / c^^< / (-X)o^a;^. 

This shows that IbX ° V'l "^"^ ^ IfiX ° We infer that the fundamental 

inequality holds when Lp,-tp G £y.{X,uj). 

Step 2. We now consider the case of a general sequence {ipj) that decreases 
towards The continuity of the complex Monge-Ampere operator (a; + 
d(F-)'^ along such sequences is due to E.Bedford and A.Taylor [BT 3] when 
if is bounded, and we shall reduce the problem to this case. We can assume 
without loss of generality that tp, ipj < 0. Consider 

(f^ := max((pj, —K) and := max(99, —K). 

The integer K being fixed, the sequence {}pf)j is uniformly bounded and 
decreases towards (/?^^, hence 



Thus we will be done if wc can show that {lo + ddPpj)'^ converges towards 
{uj+d(FipjY^ as K ^ +00, uniformly with respect to j. Let /i be a continuous 
test function on X. Then 



I {h, {u3 + dd^ipfY - (a; + ddVj)") I 



Since (p < pj < pf-. it follows now from Step 1 that the last two integrals 
are uniformly bounded from above by 2" J^(— o (pcu^. This yields the 
desired uniformity. Note that the same proof shows that x ° ^j^^j ~^ 
X ° f^^, whenever x = o{x), so that a factor x{—K)/x{—K) — yields 
uniformity. □ 
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Corollary 2.7. The fundamental inequality holds when ip,ip & £^{X,lo). 
Moreover ifO> ipj G £^{X,uj) is a sequence of functions converging towards 
<p in L^{X) and such that E^{(fj) is uniformly bounded, then (p G £-^{X,uj). 

Proof. Set $j := (sup;>j (fi)* ■ This is a sequence of w-psh functions which 
decrease towards ip. Since > <I>j > pj, it foUows from Lemma 2.3 and 
Theorem 2.6 that Ey.{^j) is uniformly bounded. Thus ip G £^(X,lo) by 
Corollary 2.4. □ 

The class £^{X,u>) plays a special role in many respects, as will become 
clear in section 3. We indicate here one specific property that will be useful 
when solving Monge- Ampere equation in section 4. 

Proposition 2.8. Let <pj,(p G £^{X,uj) he such that pj ip in L^{X). If 

\pj - pIu^^^ 0, then {u; + ddVi)" ^ {uj + dd^p^. 

Proof. We can assume without loss of generality that Pj.,p < 0. Passing to 
a subsequence if necessary, we can assume j \ pj — p\ujj^j < l/j^- Consider 

$j := max{pj, p — G £^{X, to). 

It follows from Hartogs' lemma that ^ p in capacity. This means that 
Capu}{\^j — ip\ > e) ^ 0, for all e > 0, where 

Cap^{K) := sup{ / (w + dd%y' / u G PSH{X,lj), -1 < u < 0} 
Jk 

is the Monge- Ampere capacity (sec [BT 3], [GZ 1]). It is a well-known con- 
sequence of the quasicontinuity of oJ-psh functions that {uj + dd^^j)'^ {io + 
dd'^ip)'^, when the ^^s are uniformly bounded [X]. We can reduce to this case 
by showing that (a; -|- dd'^^j^)" converges towards (a; -|- dd^ip^)'^ uniformly 
with respect to K, where := max($j,— ii') and p^ := max.{p>, —K). 
Indeed if ^ is a test function, then 



{u;l^,9)-{u;^ 6) < sup|0| / u^l^ + [ 

< 5^{£i(*f)+Ei(*i)} 



where Ei = E^. for = t. This follows from Lemma 2.3 and the lower 
bound > p — 1. Thus we have shown that the measures {u + dd'^^j)'^ 
converge towards (a; -|- dd'^pi)'^. 

We now need to compare {u + dd'^^j)'^ and {oj + dd^pjY . It follows from 
Corollary 1.7, that 

- -'-{vj>^-i/i} ■ ^vj- 
Let Ej denote the set X \ {p>j > p> — i.e. Ej = {}p — Pj > l/j}- Our 

assumption implies that IejUJ^. — 0, indeed 



1 



Therefore < u^. < lo^. + o(l), hence co^ = lima;^^ . □ 
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Remark 2.9. Observe the following property which was used and proved 
above (when xit) = i)' if ^ PSH{X,u), ipj G £{X,u), ipj in 
capacity, and (pj > tp for some fixed tp G £{X,uj), then ip G £{X,uj) and 

(u + dd'^ipj)'' ^ iuj + dd^ifY. 

2.3. Homogeneous weights. The weights Xp(i) = — (— t)^, < p < 1, 
belong to W~ . We shall use the notation 

£P{X,uj) := £^iX,uj), when xit) = -{-tf. 

These classes are easier to understand thanks to the homogeneity property 
of the weight function, xi^i) = ^^x(^)- 

Also the class £^{X, co) deserves special attention, as it is the turning point 
between low-energy and high-energy classes. All functions from £^{X,u;) 
have gradient in L'^{X) (see Proposition 3.2), while most functions of lower 
energy do not (Example 2.14). We will show (Theorem 3.3) that solutions 
of complex Monge- Ampere equations have a unique solution in £^{X,u), 
while it is a question that remains open in classes of lower energy. 

Our aim here is to establish further properties of the classes £p{X,uj). It 
will allow us to give a complete characterization of the range of the complex 
Monge-Ampere operator on them (see Theorem 4.2). 

Proposition 2.10. There exists Cp > such that for all > (po, . . . ,ipn € 
PSH{X,u)r]L^{X), 



< / {-'p^fu:^^ A • • • A a;^„ < Cp max / {-^jf^ 

In particular the class £^{X,u) is star shaped and convex. 

Proof. It follows from Proposition 2.5 applied with ip = pQ, i/; = pi and 
T = LOip^ A • • • A a;^„ that 



(7) / {-x)oV0^^,rsT <2 {-x)opouj^^AT + 2 {-x) o p>iuj^, AT, 
Jx Jx Jx 

thus we can assume ipo = ipi in the sequel. 

Set u = £Y17=i 'Pi^ where e > is small enough (£ < (2n)-Vp will do). 

Observe that lj^ > e'^lu^-^ A • • • A uJ^„, hence it suffices to get control on 

Jx{~x) ° 'Pi^u all 1 < i < n to conclude. By using Proposition 2.5 

again, 

/ i-x) o < < 2E^{pi) + 2E^{u), 
Jx 

where E^{u) := /x'(— x) ° ulo^- By subadditivity and homogeneity of — %, 
we get E^{u) < eP Yl]=i ° hence 

i=i''^ ^ i=i 

We deduce from (7), (8) and > e'^co^^ A • • • A to^^ that 

f An 
< Jj-^ofu;^, A . • . A a;^„ < ^„^^ _ ^^^^^ 

Each class £^{X,u!) is clearly starshaped. It follows from previous in- 
equality that the classes £p{X,u!) are also convex. □ 
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It follows from this result that if some functions V'j £ ^^i^,^), fpj < 0, 
have uniformly bounded energy supj^Q E-^{il;j) < +00, then 

This observation, together with the homogeneity property of x{t) = — {—tY 
allows us to derive the following quantitative characterization of integrability 
properties with respect to a given measure /x. 

Lemma 2.11. Let fi be a probability measure on X. Then £P{X, oo) C LP{ij,) 
if and only if there exists C > such that for for allip G PSH{X,Lo)r\L°°{X) 
with supx '0 = 



(9) 0< / {-^rdfi<c\[ i-^fcoll 

JX Ux 



Proof. Assume on the contrary that (9) is not satisfied, then there exists 
ipj G PSH{X,uj) n L°°{X), supx i^j = -'^, such that 

J i-x) o V'j dn > 4^PMf+^, where Mj := E^{i;j). 

If (Mj) is bounded we consider := J2j>i ^""'V'i- This is a w-psh function 
which belongs to £p{X,u!) by Proposition 2.10. Now 

/ (-x)oVdM> / {-x){2-'^Pj)dfi>2^PMf' >2^P, 

because 'i/'j < —1, hence Mj > 1. Thus j-^{—x)°i^dii = +oo, a contradiction. 

We similarly obtain a contradiction if {Mj) admits a bounded subse- 
quence, so we can assume Mj +oo and Mj > 1. Set ipj = Sjipj, 

where Sj = M- Wc show hcrcbclow that E^{Lpj) is bounded, hence 

ip ■= ^ 2-^ipj G £P{X,uj) by Proposition 2.10. Now 



[ {-x)o^dix > 2-^P [ {-x)o^,d^>2-^PeP. [ i-x) 

J X J X J X 



o 



ijjj dn 



> 2^P^-Mf^^^^'' = 2^P, 



hence Jx{~x) o fdfx = +oo, a contradiction. 

It remains to check that {E^{ipj)) is indeed bounded. Observe that ^JJ^p■ < 
Ejio^. + thus 



f {-x)oi^jU^ + 2-ejE^{i^j) 

JX 

Jx 
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We have used here the definition of ej, Ej^^ E^{iljj) = 1, the bounds ej < 1, 
1x1(0 < 1^1) and the inequalities 



n-1 



> [ (-x)oV,c^Au;;-i> / i-x) 



for all 1 < A; < n — 1. Now J^{—ipj)uj'^ is bounded because supj^ = —1 
(see Proposition 2.7 in [GZ 1]), hence {E^{ipj)) is bounded. □ 

Remark 2.12. These results actually apply for any weight x £ VV~ close 
enough to a homogeneous weight, as we indicate in section 3.3. 

2.4. Some examples. The function L{t) := — log(l — t) belongs to VV", 
as well as Lp(t) := L o ■ ■ ■ o L{t) (p times). It is in fact necessary to consider 
functions x with arbitrarily slow growth in order to understand the range of 
the complex Monge- Ampere operator on S{X,io), as the following example 
shows. 

Example 2.13. Fix h G W" nC°°(M-, M") with h'{-oo) = 0, and consider 

(^:2;eCcP^ = CU {oo} i-^ h ^log \z\ - ^ log[l + \z\^] - 1^ G M", 

with the convention ip{oo) = h{—l). This is an uj-suhharmonic function 
on the Riemann sphere P^, where uj denotes the Fubini-Study volume form. 
Note that is smooth but at the origin G C and 



= [f{z) + o{f{z))\dV, f{z) = ^/i"(log \z\), near 0, 



where dV denotes the euclidean volume form and c > 0. One thus checks 
that Lp G £^{X,uj) if X does not grow too fast (e.g. \x\{i) ^ [h' oh~^{ty\~^/'^ ), 
while X ° ^ ^ i^tp) (hence (p ^ £^{X,ijj)) if e.g. \x{t)\ > [h' o h~^ {t)\~^ . 

As a concrete example, consider h{t) = flog(l — t). The reader can 
check that h satisfi,es our requirements, and that in this case co^ = fdV is a 
measure with density such that 



c' 



•^(^) ~ I \2( 1 — n2Tn — ^~^ — n2vi2 ^^"'^ 0- 

log |z|^)[log(— log p| )J 

In particular \lpY' ^ L^{uj^) for any p > 0, moreover log[l — p] ^ L^{lo^). 
One can obtain explicit examples with even slower growth by considering 
h{t) = LP{t) := L o • • • o L{t) (p times), where L(t) = - log(l - t). 

Our next example shows that it is possible to define and control the 

complex Monge- Ampere measure of functions with slightly attenuated sin- 
gularites, although these functions need not have gradient in L'^{X). 

Example 2.14. For tp G PSH{X,u), tp < —1, and < p < 1, we set 
ipp := —{—ipY- Then 

^f, = P{-V7'^oo^ + [1 - p(-(^f - V + P(l - p){-vr~^dip A > 0, 
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hence (pp G PSH(X,lo). One can compute similarly {u) + d(Fipp)^ and check 
that there exists a(j),n) > small enough and C(j),n) > independent of ip 
such that 

" {-cpp)"M^u; + dd'cppr <C{p,', 



x ' ' 

This shows that ipp £ £^{X,lo) with xit) = —{—t)°'^'"'\ as soon as p < 1. 
In particular the complex Monge- Ampere operator of ipp = —{—ipY is well 
defined for any CO -psh function if < —1 and for any p < 1, although V tpp does 
not belong to Lp'{X) when uj^ is the current of integration along a complex 
hypersurface and 1/2 < p < \. 

3. High energy classes 

We now consider further classes of a;-plurisubharmonic with milder sin- 
gularities. Not only are they interesting in themselves, but we also actually 
need first to understand the range of the complex Monge- Ampere operator 
on them, before being able to describe the corresponding range on previous 
classes (see the proofs of Theorems 4.1, 4.2). 

We let VV+ denote the set of concave increasing functions % : M~ — M~ 
such that x(0) = 0, x(— co) = — oo and we set 

W+ :={xG>V+/0< |tx'(i)l <M|x(t)|, foraUteM-}, 

where M > is independent of t. For x ^ we consider 

£^{X,u;) ■.= {ipe£{X,u)/x{-W\)^L\{u; + dd'^ipr)}. 

Observe that for all weights xi G ^ i X2 G VV^, we have 

PSH{X,u)r\L^{X) C £x2{X^^) c £'^{X,u) c £xAX^^) c £{X,u). 

Thus the class £^{X, uj) is the turning point between classes of low energy 
and those of high energy. 

3.1. Gradient of quasiplurisubharmonic functions. The classes £x{.X^ u), 
X £ VV := yV~UW^, form a whole scale among unbounded a;-plurisubharmonic 
functions, joining the maximal class £{X,uj) of cj-psh functions 99 whose 
Monge- Ampere measure {uj + dd'^pY'' does not charge pluripolar sets (Propo- 
sition 2.2) to the class PSH{X,u) n L°°{X) of bounded a;-psh functions. 

Proposition 3.1. 

PSH{X,u!)nL°^{X) = Pi £x{X,u!). 

xew+ 

Proof. Clearly a bounded w-psh function belongs to £x{X, to) for all x ^ 

Conversely assume ip £ £y.{X,Lv) for any weight x ^ We claim there 
exists too > such that (lo + dd'^ipY{ip < —too) = 0- Otherwise we could set 

X(t) := -h(-t), where h'(t) = — 

is well defined for all t>0. Now % G and, assuming < 0, 

j^i-x) o = h'{t)u:;{^ < -t)dt = +00, 

contradicting ip G £x{X,uj). 
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We infer (lo + d(fip)'"'{ip < —t) = for all t > too- It follows from the 
comparison principle that Volij{(f < —too) < S{if<-t )^'v>' "^^^^ V ^ "^oo 
almost everywhere, hence everywhere. □ 

One of the main differences between functions with finite low-energy and 
those with finite high-energy resides in the following observation. 

Proposition 3.2. Fix x € . Then any function G £-)^{X,ui) is such 
that Vip G L2(a;"). 

Proof. It suffices to establish this result when x{t) = t, i.e. when f G 
£^{X,u!). Let T be a positive current of bidimension (1,1) and fix G 
PSH{X,Lo) n L°°{X) such that (p<0. Then 

/ {-ip)iOy, AT = / {-(p)ioAT+ / d^pAd^ipATy / {-if)u} AT. 
Jx Jx Jx Jx 

A repeated application of this inequality, applied with T = o;^ A u^~^~^ , 
therefore yields 

(10) 0< /" d^AdVAa;"-^< ! {-^p)u^ Au""-^ < f i-<p)uj^. 

Fix now if G £^{X,oj) and set (pj := max((p, — j). We can assume with- 
out loss of generality ip, ipj < 0. It follows from (10) that the sequence 
of gradients (V<^j) has uniformly bounded L^-norm. Since V(pj converges 
towards in the weak sense of distributions, it follows from the weak 
L^-compactness of V(pj that Vtp G L^(X). □ 

We can prove similarly that ip G £^{X,u!) satisfies all intermediate lo- 
cal boundedness conditions required in order for the local complex Monge- 
Ampere operator {to + dd'^ip)"' to be well defined (see [Bl 3]). It follows 
however from Example 2.14 that there are functions (p G £y^{X,ijj) such that 
Vip^L'^iX) whenxe 

3.2. Extension of Calabi's uniqueness result. When ip,ip are smooth 
functions such that oj^p^u^ are Kahler forms, it has been shown by E.Calabi 
[Ca] that 

{oj + dd'^p)'^ = {uo + dd'^ip)"- =^ p — Tp = constant. 

Calabi's proof has been generalized by Z.Blocki [Bl 1] to the case where 
p,il^ & PSH{X,uj) n L°°{X). In both cases, the proof consists in showing 
that V{p — Ip) = 0, by using ingenious integration by parts. 

We push this argument further by showing that there is still uniqueness 
in the class £^{X,io) (Theorem B in the introduction). We rely heavily on 
the fact that Vp G L^(a;"') when (p G £^{X,uj). It is an interesting open 
question to establish the uniqueness of solutions in classes of lower energy. 

Theorem 3.3. Assume {uj + dd'^p)"' = + dd'^ip)^ , where p> G £{X,u) and 

Ip G £^{X,uj). Then p — ip is constant. 

Proof. We assume first that both p and ip are in £^{X,uj). Set / = {p — ip)/2 
and h = {ip + ip)/2. It follows from Proposition 2.10 that h G £'^{X,u}). 
We can assume w.l.o.g. ip,ip < —C^, where C^; > is chosen so that 
Jj^{—h)u!^ > 1. We are going to prove that V/ = by showing that 
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J-^ df A d'^f A u;"~^ = 0. This will be done by establishing an upper bound 
involving the E'l -energy of h and by using the following formal computation, 

0< / d/Ad7Aa;^l< / dfAd'fAj2^'f^^V~'= [ ^K'^i') = ^- 

Of course we should (and could) justify these integration by parts and 
make sense of all terms involved in this computation. We are rather going 
to establish the following a priori bound, when tp are bounded, 

(t) l^dfA d'^f A a;-i < 3"-^ df A d^/ A u;^ J^^-^^'^'^- 

Approximating ipjip by (pj = max((^, — j), V'j = max('i/;, — j), it will then 
follow from Theorem 2.6 and (f) that 2f = ip — il; is constant, if oo^ = oo^. 

The a priori bound (f) follows by applying inductively the following in- 
equality, where T = A is a closed positive current of bidimension 
(2,2) and / = ra-2, ...,0, 

(t)T y" df Ad^f AuAT <2,(^j df Ad^f AUhATy (^J {-h)ulAT 
Indeed observe that for T = u\^A uj'^~'^~\ 

I {-h)ujl+^ A uj''-^-^ < [ i-h)ujl, for alH = n - 2, . . . , 
Jx Jx 

and use that j-^{—h)u)^ > 1 since h < —C^j, to derive (f) from (t)r- 
We now establish (t)r- Note that 

df Ad^f Au = df A d^f Auh-df A d" f A dd^h, 

hence integrating by parts yields 

/ df Ad^f AloAT = f df Ad^f AuJhAT+ I df A d^h A ^^'^ ~ A T. 
Jx Jx Jx 2 

It follows from the Cauchy-Schwarz inequality that 



1 , ,1 

2 



j df Ad^hAu^AT <2(^J df Ad^f AcOhATy -(^J dhAd^hAcOhA 

Note that we can get a similar control on df A d^f Aco^ AT. Thus (t)^ 
follows from the following last observation 



4f A d7 A 5 = 7 / iiJ- p)iiO^ - iu^,) AS< [ i-h)uJh A 5, 
X ^ Jx Jx 



where S is any positive closed current of bidimension (1, 1). 

It remains to treat the case where ip G S^{X,u;) but if a priori merely 
belongs to £{X,u!). We normalize ^ by requiring supx f = sup^'i/', 
hence we need to show that ip = ip. Set ipj := max((^, ip — j). It follows from 
Lemma 2.3 that ^pj G £^{X,uj). By Proposition 3.4 below, {oj + dd^pj)"^ = 
{u) + dd^V)"- Now supjf p}j = supjf p> = supj^^ if J Oj hence p>j = ip hy 
previous analysis. Letting j — > +oo, we infer (p = tp. □ 

Regarding uniqueness in the class £{X,uj), we have the following obser- 
vation, of independent interest. 
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Proposition 3.4. Assume ip,ip & £{X,u;) are such that {uj + ddF^p)'^ = 
{u + dd^i^Y . Then 

{u + dd" max[(^, V'])" = (w + dd^)" = (uj + dd^'^^. 

Proof. Applying Corollary 1.10 with /i = o;^ = a;^ yields 

(a; + dd" max[^, V'])" > = + dd^ip^, 

whence equality, since these measures have the same mass. □ 

3.3. Quasi-homogeneous weights. In this section we fix a weight x ^ 
W^, M > 1. Many results in this section arc inspired by their local ana- 
logues, obtained by U.CegrcU [Cc 1] when x(i) = —{—iY^ P > 1- 
The following result is the W^- version of Lemma 2.3. 

Lemma 3.5. Let ip,ij e PSH{X, co) n L°°{X) with < V < 0. Then 

< / i-x) o + dd^^PY <iM + lY [ i-x) o <fiuJ + dd^ifiY- 
Jx Jx 

Proof. The proof follows from a repeated application of the following in- 
equality: if T is a positive closed current of bidimension (1, 1), then 

(11) 0< / i-x)oipLO^AT<{M+l) [ {-x)oipuj^AT. 

Jx Jx 

Integrating by parts yields 

/ (-x)o<^a;v,Ar= / {-x)o<pioAT+ [ {-i;)dd%xo ^) ^T. 
Jx Jx Jx 

The first integral in the RHS is bounded from above by /x'(~x) o fio^ AT 
because J-^ x' ° V df A d'^^p AT > 0. Observe now that 

dd'^X ° f = x" ° fdip A d'^ip -|- x' o (fdd'^(p < x ° fuj^p, 

thus 

/ (-^)dd^(xo(/p) AT< [ {-i^)x'o<pcj^AT<M [ {-x) o ipu^ AT, 
Jx Jx Jx 

since {—tp)x' ° <^ < {—^)x' ° 'P ^ -^(~x) ° f - This yields (11). □ 

We let the reader check that Corollary 2.4, Theorem 2.6 and Corollary 
2.7 hold when x € ^^^^^ exactly the same proof. We now establish the 
high-energy version of Proposition 2.5. 

Proposition 3.6. Let T be a positive closed current of bidimension on 
X , < j < n, and let (p,i{j < be bounded co-psh functions. Then 

0< / {-x)opu'^AT <2M j (-x)o^4Ar + 2M / {-xjo^jJ^AT. 

Proof. The proof is the same as that of Proposition 2.5 except that we have 
to replace inequality < x'(2t) < x'{t) by < x'(2t) < Mx'it). The latter 
follows from the concavity property of x which (together with x(0) = 0) 
yields \x{t)\ < \t\x'it) and |x(20l < 2|x(i)| for all t G R". Therefore 



X'(2t) 

- x'it) 



2tx'{2t) 



xm 



xm 



xit) 



tx'{t) 



< M. 

□ 



'3> 
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Our next observation is useful to establish convexity properties of the 
class £^{X,uj). 

Lemma 3.7. For aZZ < £ < 1 and for all t < —1, 

Q<e^\x{t)\<\x{et)\<e\x{t)\. 

The proof follows easily from the concavity of x, the normalization x(0) = 
and the definition of W]J^. These inequalities can be interpreted as a weak- 

homogcncity property satisfied by the weights x ^ This allows us to 

show that £^{X,ijo) is always convex in this case. 

Proposition 3.8. Fix M > and x G There exists C^> Q such that 

for a// > v?o, • • • , V^n G PSH{X, to) D L°°{X), 

< / (-x) o^pQUJ^^^■■■ ^u^^< Cy, max / (-x) o ipj a;". . 

In particular the class £-^{X,lo) is starshaped and convex. 
Proof. The proposition follows from the following inequality, 

(12) 0< y^(-x) ° c^o o;^, A • • • A < ^^^/".^^^j o^fn^^^'^- 

The proof is identical to that of Proposition 2.10 except that Proposition 2.5 
has to be replaced by Proposition 3.6, and the subadditivity and homogene- 
ity of X G M+ xP e M+, < p < 1, has to be replaced by the convexity 
property of a; G M"*" i— (— x)(— x) G M"*", which yields 

for u:=e J^^^^ and < e < [2nM^]-\ □ 

We now give a high-energy version of Lemma 2.11. Note that our proof of 
Lemma 2.11 uses the full homogeneity of a; i-^ x^. Let us say that a weight 
X G VV^ is quasi-homogeneous if there exists C, M > 1 and < g < 1 
such that for all < e < 1 and for all t < —1, 

0<C-'e''\xit)\<\xiet)\<Ce''-'^[xit)\. 

The functions Xp(t) = P ^ 1; belong to W"^ and obviously satisfy 

the previous condition. Here again we shall use the notation 

£P{X,u;) := S^iX,u;), when x(i) = -{-tf- 

These classes have been studied in a local context by U.Cegrell [Ce 1]. They 
are easier to understand thanks to the homogeneity property of the weight. 

Lemma 3.9. Let x € be a quasi-homogeneous weight and let ji he a 

probability measure on X . 

Then x ° ^xi-^^ -^^(/^) ^/ '^^^ ^''^^V there exists C > such that for 
all functions (p G P S H {X , lo) f] L°° (X) normalized by supx V = one has 

< ^(-x) o^dii<c (^ij-x) o ¥"^^y , 

where < 7 := M/(M -q+1) <1. 




22 



VINCENT GUEDJ & AHMED ZERIAHI 



The proof, in the same vein as that of Lemma 2.11, is left to the reader. 

Example 3.10. The weight x{t) = -{-t)P[log{e - t)]" G W+ ,a > 0, is an 
example of quasihomogeneous weight which is not homogeneous. 

4. Range of the complex Monge- Ampere operator 

We now turn to the central question of describing the range of the complex 
Monge- Ampere operator on classes S-^{X,io), and on class £{X,io). 

An obvious necessary condition for solving the Monge- Ampere equation 

{MA)f, {u + ddV)" = ^, 

is that ji should be a positive Radon measure of total mass on X. For 

simplicity we assume throughout the rest of this section that a; is a Kdhler 
form, normalized by J^a;" = 1, and that /x is a probability measure. 

4.1. The classes £xi-^^ hexe an increasing function x '■ 

such that X ^ W~ U W^, M > 1. It follows from Propositions 2.5 and 3.6 

that if /Lt = (a; + ddF^p)"^ for some function ip € w), then 

{Ix) xo£x{X,u)cL\fi). 
We now show that the converse is true under a quantitative version of (I^). 

Theorem 4.1. Suppose there exists F : M+ R+ with \im^^ F{t)/t = 0, 
such that for all i/j G PSH{X, lo) f) L°°{X), supx V' = -1, 

(IIx) 0< / (-x)o^dM<F(£;xW)- 

Jx 

Then there exists if G £x{X,uj) such that 

fi = {lo + dd^if)"' and sup ip = 0. 

X 

It is an interesting problem to determine whether conditions (I-^) and 
(IIx) equivalent (obviously (IIx) implies (Ix))- This is the case when 
X{t) = -{-tf, p > 0, thanks to Lemmas 2.11, 3.9, with F{t) = 
Thus we obtain a complete characterization of the range of the Monge- 
Ampere operator in this case (Theorem C in our introduction). 

Theorem 4.2. Let ji he a probability measure on X andp > 0. There exists 
if G £P{X,uj) such that n = {u + dd^ip)'^ if and only if£P{X,uj) C L'p{^). 

The proof of Theorem 4.1 will occupy the rest of section 4.1. The proof 
follows the lines of U.Cegrell's one, in the local case [Ce 1]: 

• We approximate ^ by smooth probability volume forms jJLj using 
local convolutions and a partition of unity. 

• We invoke Yau's solution of the Calabi conjecture to find uniquely 
determined cj-psh functions ipj such that /Xj = a;^^. , s\rg>x = — 1- 

• Since w-psh functions ip normalized by supjj^ ip = —1 form a compact 
subset of L^{X), we can assume that ipj — >• <^ in L^{X). 

• The quantitative integrability condition (IIx) guarantees, at least 
when x{t) = t, sup^ / {—x)°^j < +oo, hence yields ip G £x^-^i 
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• The delicate point is then to show that lu^. uj^. This is done 
by showing that J \ fj — ^\dfij and invoking Proposition 2.8. 
We need here to assume first that /v, is suitably dominated by the 
Monge- Ampere capacity (in the spirit of [K 1]). 

• We then treat the general case by using a Radon-Nikodym decom- 
position of the measure /x. 

Here follow the technical details. Let n be an arbitrary probability mea- 
sure on X. Let {Ui} be a finite covering of X by open sets Ui which are 
biholomorphic to the unit ball of C". In each Ui we let /x^' := /X|[/. denote 
local regularization of /ip. by means of convolution with radial nonnegative 
smooth approximations of the Dirac mass. Let {di} be a partition of 
unity subordinate to {Ui} and set 



where ej \ and cj /" 1 is chosen so that ^ij{X) = 1. Thus the /i^'s 
are smooth probability volume forms which converge weakly towards fi. It 
follows from the solution of the Calabi conjecture [Y], that there exists a 
unique function ipj G PSH{X,u) D C°°{X) such that 

H = ^^-i and swp (pj = -1. 

Recall from Proposition 1.7 in [GZ 1] that T := {(p E PSH{X, lo) / snpx = 
— 1} is a compact subset of L^{X). Passing to a subsequence if necessary, 
we can therefore assume (pj (p in L^{X), where ip G PSH{X,u) with 
swpx'P = -1- 

Lemma 4.3. There exists C > 1 such that for all j G N, 

If £^{X,uj) C L^ifi), then supj Jx{~'^j)^^j < hence (p € £^{X,u!). 
Proof. Since Cj — ^ 1 and ej — ^ 0, we can write 

where 

/ Oii-ipj) dn^^ < / {-ipj * Q,.)dfi. 
Jx JUi 

Now ipj = Uj — 7i in Ui, where 7^ is a smooth local potential of u in Ui and 

Uj is psh in C/j. Therefore —Uj * g^^ < —Uj, while ji * g^^ converges uniformly 

towards 7^. We infer 



/ {-fj * Q6j)dlJ- < / {-ipj)dn + o{l) 
JUi JUi 

J{-ipj)diij = J{-^j)u;';^. < C J{-ipj)dii. 



lUi JUi 

hence 
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When £^{X,Lo) C L^in), it follows from Lemma 2.11 (case p = 1) that 

hence sup^- Jxi-fj) < {CT < Thus ip e S^{X, uj). □ 

We now would like to apply Proposition 2.8 to insure that ii = w^. For this 
we first assume that fi belongs to the compact convex set Ma of probability 
measures u on X which satisfy 

iy{K) < ACap<^{K), for aU Borel set K C X. 

Here > is a fixed constant. 

Lemma 4.4. Assume fj, G Ma, then 

/ (pjd/j, —>■ / (fdiJ. and / \ipj — ip\diJ,j ^ 0. 
Jx Jx Jx 

Proof. When the ipj^s are uniformly bounded, the first convergence follows 
from standard arguments (see [Ce 1]). Set 



(fj''^ := max((/3j, — A;) and (p^''^ := max((/7, — fe). 



We will be done with the first convergence if we can show that j \(pj — 
ipj\dfi — uniformly in j as A; — > +oo. This is where we use our assumption 
on n, since 



I^f ^ - ipj\dn <2 [ {-iPj)dfi {-^jf^^ dti< ^ 



X " J{ipj<-k) \/kJx Vk 

Indeed Proposition 5.3 shows that £^{X, ui) C L^in), hence sup^ Jx{~fj) 
+00 by previous Lemma. Moreover 

J {-'Pjf'^dlJ' = j "/tl^ifj < -t)dt < 1+— J ViCap^{(pj < - 
It follows now from Lemma 5.1 that 

CapU^j < -t) < c'r^ I < c"t-\ 

which proves that J^{—ipj)'^^'^dn is uniformly bounded from above. 

It remains to prove a similar convergence when /j, is replaced by iij. It 
actually suffices to consider the case of measures jj^ := ji^jj * Qs^- Now 

^ - ifildfi'/ = \ujiO - uiO\Qe,{z - OdXiO^ d(,{z), 

where as above, uj, u are psh functions in U such that ^pj = uj — ^ and 
= — 7 in [/, 7 is a local potential of a; in ?7 and dX denotes the Lebesgue 
measure in U. The lemma will be proved if we can show that J Wjdji 0, 
where 

:= / K(C)-n(C)|&,(^-C)ciA(C). 
JU 

Define Uj := (supfe>j Ujt)*. This is a sequence of psh functions in U which 
decrease towards u. Observe that uj > max(u, Uj) so that 

Wj < 2uj * g^. -u* Qs- - Uj * Q^. < 2{uj * g^. - u) + {ip - (pj). 
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It follows from the monotone convergence theorem that / {uj*Qsj —ujdjji — >■ 0, 
while / {(pj — (p)dn — by the first part of lemma. Therefore / WjdiJ, — 
and we are done. □ 

What we have shown so far is that for any measure v G Ma^ A> there 
exists a unique ip G £^{X,uj) such that v = {uj + dd'^cp)^ and supjs^^ ip = —1. 

We now proceed with the proof of Theorem 4.1. For this we need the 
following observation: 

Lemma 4.5. Let n be a probability measure which does not charge pluripolar 
sets. Then there exists u G PSH{X,u) n and < f e such 

that n = f{oj + dd''uY. 

Proof. Recall that i is a compact convex subset of the set of all probability 
measures on X. Let /x be a probability measure which does not charge 
pluripolar sets. It follows from a generalization of Radon-Nikodym theorem 
[R] that 

= f\y + cr, where v G A^i, < /i G L^(z/), and a _L A^i. 

Now cr is carried by a pluripolar set since M.i contains all measures a;", 
< n < 1, hence cr = 0. By our previous analysis, v = [uj + dd'^v)", where 
V G £^{X,Lo), supxv = 0. Set u := expv. This is again a w-psh function 
since 

LOu = e'^LOy + [1 - e"]a; + e'^dv A d^v > e'^ujy > 0. 

Observe that < u < 1 and u'^ > e^^a;", thus n is absolutely continuous 
with respect to o;^. □ 

We now go on with the proof of Theorem 4.1. Let /i be a probability 
measure which satisfies {II)x- Then fi does not charge pluripolar sets, hence 
it writes n = /w^, where u G PSH{X,uj) n L°°{X) is so that < u < 1. 
Consider 

fij := 5j min(/, + dd'^u)^, 
where 6j \ 1 so that = 1. Note that 

fJ-j < j^jCap^, since < u < 1, 

thus II j G MjSj ■ It follows therefore from previous analysis that there exists 
a unique ipj G £^{X,u)) with sup^ (pj = —1 and /ij = u)"^.. We can assume 
ipj (p \n. L^{X) and 5j < 2. 

Suppose first that % G W~ , so that (pj G f^(X,a;) D £^{X,u). It follows 
from Theorem 2.6 that (IIx) can be applied to the functions (pj, hence 

/ i-x) o 'Pj < 5, j {-X o ipj)dfi < 2CF l^jj-x) ° fj 

Thus supj E^{(pj) < +00, hence (p G £x{X,u;) by Corollary 2.7. We set 

$j := {supipk)* and Fj := inf (Jjt min(/, fe). 
k>j k>j 

Clearly $j G £x{X,oj) with ^j \ ip and Fj f. It follows therefore from 
Corollary 1.10 that 

ul. > Fj,.. 
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We infer cu^ > /x, whence equality since these are both probabihty measures. 
Thus the proof of Theorem 4.1 is complete when % G W". 

Assume now x £ ^PPly previous reasoning if we can show 

that (pj G £^^{X,u}) for all j. This is the case, as we claim that the (pj's 
actually belong to £P{X,oj) for all p > 1. Indeed recall that 

IJ,j = + d(fipjY < jSj{oj + dd'^uy < AjCapt^, 

hence fij G M-Aj- Observe that for all p > 1, 

(*) £PiX,io) C LP+^/^{u), for all e Ma- 

This has been established when p = 1 in the proof of Lemma 4.4. Since (fj G 
£^{X,Lj) and //j = (w+dd^t^j)" G Maj, we infer (pj G L^/^([a;+(id''(/?j]''), i.e. 

G £^^/^(X,a;). We can thus use (*) inductively to obtain (pj G np£P{X,Lo). 
The proof of Theorems 4.1 and 4.2 is now complete. 

4.2. Non pluripolar measures. We now describe the range of the complex 
Monge- Ampere operator on the class £{X..lo) (Theorem A). 

Theorem 4.6. There exists ip G £{X,u}) such that fi = {u + dd'^(p)^ if and 
only if fi does not charge pluripolar sets. 

Proof. One implication is obvious. Namely if = (cu + dd'^(p)^ for some 
function ip G £{X,u;), then fi does not charge pluripolar sets, as follows 
from Theorem 1.3. 

Assume now that fi does not charge pluripolar sets. It follows from Lemma 
4.5 that we can find u G PSH{X,io) n L°°{X) and < / G L^{io^) such 
that n = /<• Set 

H ■= Cjmin(/,j)a;;^, 
where cj \ 1 is such that lJ.j{X) = ijl{X) = 1. We can assume without loss 
of generality that 1 < cj < 2. 

It follows from Chern-Levine-Nirenberg inequalities (see Proposition 3.1 
in [GZ 1]) that £^{X,uj) C PSH{X,uj) C L^{fJ,j), because fXj < 2jujll and u 
is bounded. Thus by Theorem 4.2, case p = 1, there exists a unique function 
(pj G £^{X,uj) such that 

fj,j = {lo + dd'^ipj)"' and supi^j = 0. 

X 

Passing to a subsequence if necessary, we can assume (pj (p in L^{X), for 
some function ip G PSH{X,uj) such that sup;^ = 0. 

We claim that (p G £^{X,u;) for some x £ VV~, and that fi = {u + dd'^(p)"'. 
The function % is defined as follows. Let 7 : R"*" — M"*" be a convex increasing 
function with lim^-^+oo 7(^)/2: = +00 such that 70/ still belongs to L^(a;") 
(see [RR] for the construction of 7). Let 7* be the Young-conjugate function 
of 7, 

7* : z G M+ sup{zy - 7(y) / y G M+} G R+, 

and set x(t) := —{'J*)~^{—t): this is a convex increasing function such that 
x(— 00) = — 00, which satisfies 

(13) {-x){-t) ■ fix) <-t + jo fix), for all (t, x) G x X, 
since zy < 'y*iz) + 7(y) for all z,y e M"*". 
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Note that we can assume x(0) = without loss of generahty, by imposing 
7(0) = 0. Applying (13) with t = ^Pj{x) and averaging against a;", we infer 

0< / {-x)o^jUjl<2 j {-x)o^jfu::<2 f (-^,.^ + 2/ 10 f^:. 

Again it follows from Chern-Lcvine-Nirenberg inequalities that J^{—{pj)uj^ 
is uniformly bounded from above, because u and Jj^{—(pj)uj'^ are bounded. 
Thus the sequence of integrals {fxi~X) ° ^^j) is bounded. 

Set (pj := (sup;>j (fi)* G £^{X,ll!). It follows from Corollary 1.10 that 

cu;^. >inf< >min(/,jK- 

The seqTicncc {(f) j) decreases towards (p and satisfies (pj < (f)j < 0, hence by 
the fundamental inequality, 

0< [ {-x)o<f>ju;l<2- [ (-x)o<^,-a;^. <Mo<+oo. 

Therefore G £^{X,ijj) and 

= lim > lim min(/, j>2 = ^. 

^ J— >+oo j;— >+oo 

Since /x and are both probability measures, this actually yields equality, 
hence the proof is complete. □ 

Remark 4.7. Note that when fi = fuo"' is a measure with density < / 
such that /log/ G L^{u^), our proof shows that fi = {u + ddPip)'^ with 
if G £-^{X,uj), for xi't) = — log(l — t) (this is a critical case in the Orlicz 
classes considered by S.Kolodziej [K 1]). 

5. Examples and Applications 

5.1. Capacity of sublevel sets. Recall that the Monge- Ampere capacity 
associated to u is defined by 

Cap^{K) := sup ^11 u & PSH{X,uj), < < i| , 

where K is any Borel subset of X. This capacity vanishes on pluripolar 
sets, more precisely Cap^{ip < —t) < C^p/t for every fixed w-psh function 
if. This estimate is sharp in the sense that Capij{ip < —t) > C'^/t when ^JJ^p 
is the current of integration along a hypersurface. However when 99 belongs 
to £-^{X,io), one can establish finer estimates as our next result shows. 

Lemma 5.1. Fix x G W" U W^, M > 1. If ip £ £^{X,oj), then 

> 0,Vt > 1, Cap^{ip < -t) < C^\tx{-t)\-\ 

Conversely if there exists C^, e > such that for allt>l, 

Cap^iv < -t) < C^\t^+' x{-t)\-\ 

then ip G £-f^{X,uj). 

The proof relies on the comparison principle, as it was used in different 
contexts by U.Cegrell and S.Kolodziej (see [Ce 1], [K 1], [CKZ]). 
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Proof. Fix ip G £^{X,u), ip < -I and u e PSH{X,u>) with -1 < u < 0. 
For t > 1, observe that (p/t G £{X,uj) and {(p < -2t) C {(p/t < u - 1) C 
{(p < —t). It therefore follows from the comparison principle that 



f iLU + dd^u)"" < [ (cu + r^dd^p) 

J{ip<-2t) J{if<-t) 

j{<p<~t) ~i \ ^ J 



{ip<-t) 



Recall now that Vol^{(p < —t) decreases exponentially fast [GZ 1], and 
observe that for all 1 < j < n, 

This yields our first assertion. 

The second assertion follows from similar considerations. Namely for (p G 
PSH(X,io), ip < -1, set (pt := max{p, -t). Then u = pt/t e PSH{X,co) 
with — 1 < u < for alH > 1. Since a;" > t~"'a;^^, we infer 

< -t) < <(<^ < -*) < CapU¥> < -*)• 

If Cap^{p < -t) < C^-"-'^|x(-^)^^ this shows that io^^{p < -t) 0, 
hence ip G £{X,ijj). Moreover 



<-t)= f u^- u-^ip >-t)= [ co^- i^l^{ip > -t) = u^X^ < -t) 



thus co^iif < -t) < Ct-^\x{-t)\~^. This yields 

l^{-x)o^^; = j^^ x!{-t)ul{p> < -t)dt < C^j^^ < +00, 

so thaX, p ^ £s^{X,i^). □ 

These estimates allow us to give several examples of functions which be- 
long to the classes £^{X,uli). We simply mention the following ones: 

Example 5.2. Let p he any lo -plurisubharmonic function such that if <0. 
Then ip := — log(l — p) = x° ^ & PSH{X, w) since 

dd'^X ° p = x" ° "i^dp A d^p + x! ° pdd'^ip 

and X £ VV~ with x'i^) ^ 1 when t < 0. 

Observe that the capacity of the sets (ip < —t) decrease exponentially fast, 
thus Ip G r\p>i£'P{X,Lo) (Lemma 5.1). Together with Theorem 7.2 in [GZ 1], 
this shows that SP{X,lu) characterizes pluripolar sets (for any p > 1). 

We now want to give some example of probability measures that satisfy 
the assumptions of Theorems 4.1, 4.2, 4.6. 

When fj, = /w" has density / G L'^{X), r > 1, S.Kolodziej has proved 
[K 1] that 11 = uj^ for some hounded w-psh function ip. This is because n is 
strongly dominated by Cap^ in this case (see Proposition 5.3 below). When 



THE WEIGHTED MONGE-AMPERE ENERGY OF QPSH FUNCTIONS 



29 



the density is only in L^, this does not hold. Consider for instance ji = /w", 
where / G C°°(X \ {a}) is such that 

^^^^ ^ \\z\n-\og\\zW ~ ^ 
near the point a = 0, in a local chart. Observe that 

V{z) ■=ex{z)\og\\z\\&PSH{X,u) 

if X is a cut-off function so that X = 1 near a = 0, and e > is small enough. 
Now ^ L^ilj) but still £^{X^uj) C L^{fi), as follows from Proposition 5.3 
below, thus there exists V' £ £^{X,ijj) such that fi = (Theorem 4.2). 

Observe also that there are measures /j, = fu"' with L^-density such that 
£^{X,ijo) L^{fi): one can consider for instance fs that looks locally near 
a = like [||z||^(— log ||z||)^+^]~-^, for e > small enough. However this 
measure fi does not charge pluripolar sets, hence is a Monge- Ampere measure 
of some function ip G £-)^{X,uj), x € W~ with slower growth. 

Proposition 5.3. Let fi be a probability measure on X. 
Assume there exists a > p/{p + 1) and A> such that 

(14) fi{E) < ACap^iEr, 

for all Borel sets EcX. Then £P{X,u;) C LP{p,). 

Conversely assume £P{X, lo) C LP{jj,), p > 1. Then there exists < a < 1 
and ^ > such that (14) is satisfied. 

Proof. We can assume w.l.o.g. that a < 1. Let if G £p{X,(jj) with snpx P> = 
— 1. It follows from Holder inequality that 

/• r+co 

< y {-pfdji = l+p j tP-^fi{ip < -t)dt 

/ + 00 
tP-' [CapU^ < -t)] 



dt 



< 1 +pA 



' p-a(p+l) 1 

t^^ ^dt 



-| 1-a 






[/ 



f- l-oo 



tPCapu;iip < -t)dt 



The first integral in the last line converges since p — a{p + 1) < and it 
follows from the proof of Lemma 5.1 that the last one is bounded from above 
by (/(-<p)^'a;^)". Therefore £p{X,u;) C LP{fi). 

Assume conversely that £P{X,uj) C LP{fi). It follows from Theorem 4.2 
that ^ = uj"^ for some function i/' G £p{X.,uj) such that supj^^ V = ~1- We 
claim then that there exists 7p g]0, 1[ and A > such that for all functions 

G PSH{X,Lo) with -1 < (/? < 0, one has 

(15) < / (-(^)^u;; < A / (-v.)^u;^ . 

Jx Ux 

We leave the proof of this claim to the reader (the exponent 7p = (1 — 1/p)" 
would do). We apply now (15) to the extremal function P = h*^ ^ introduced 
in [GZ 1]. It follows from Theorem 3.2 in [GZ 1] that 

< liiE) < [ {-h\JPdii < ACap^Er^. 
Jx 
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□ 

This proposition allows to produce several examples of measures satisfying 
£P{X,oo) C LP{^) as in the local theory (see [K 1], [Z]). It can also be used, 
together with Theorem 4.2, to prove that functions from the local classes of 
Cegrell if (17), Q a bounded hyperconvex domain of C", can be sub-extended 
as global functions (p G SP{F"',Alofs), for all p < r/n and some A> (see 
[CKZ] for similar results). 

5.2. Complex dynamics. 

5.2.1. Large topological degree. Let f : X ^ X he a mcromorphic endo- 
morphism whose topological degree dt{f ) is large in the sense that dt{f) > 
rfe_i(/), where rjt_i(/) denotes the spectral radius of the linear action in- 
duced by /* on H'^~^'''~^{X, R). In this case there exists a unique invariant 
measure /x/ of maximal entropy which can be decomposed as 

Hf -e + dd^iT), 

as was proved by the first author in [G]. Here is a smooth probability 
measure and T > is a positive current of bidegree {k — 1, k — 1). In 
particular 

S^{X,uj) C PSH{X,uj) C L^(/x), 

as follows from Stokes theorem (sec Theorem 2.1 in [G] and Example 2.8 
in [GZ 1]). Here u) denotes any fixed Kahler form on X, normalized by 
J^w" = IJi{X) = 1. It follows therefore from Theorem 4.2 and Theorem 3.3 
that there exists a unique function gf G £^{X,uj) such that s\xpx9f = ~1 
and 

lif = {uj + dd^gfY. 

It is an interesting problem to establish further regularity properties oi gj 
in order for example to estimate the pointwise dimension of the measure 
jjLf. When / : P" — ^ P'* is an holomorphic endomorphism of the complex 
projective space X = P", it is known [S] that gf is an Holder-continuous 
function. 

5.2.2. Small topological degree. Let T be a positive closed current of bidegree 
{p,p) on X. Let co denote a positive closed (1,1) current with bounded 
potentials, and such that J^T A u}^~p > 0. Note that the wedge product 
T A a;"~^ is a well defined positive Radon measure because u has bounded 
potentials [BT 3]. Fix x € W~. 

Definition 5.4. We let £^{T,uj) denote the class of LV-psh functions with 
finite x-^nergy with respect to T. This is the set of function cp G PSH{X,u) 
for which there exists a sequence tpj G PSH{X,lo) n L°°[X) such that 

(fj \ (p and sup / |x o (pj — sup pj)\T A {lo + dd'^(pj)"'~^ < +oo. 
j Jx X 

When T = [X] is the current of integration on X {p = 0), this is the same 
notion as that of Definition 1.1. We let the reader check that the following 
properties hold, with the same proof as in the case T = [X]: 



THE WEIGHTED MONGE-AMPERE ENERGY OF QPSH FUNCTIONS 



31 



(1) V(^,V' G PSH{X,uj)nL'^{X), ip<ip<0 implies 

0< / {-x)oi^u;;-PAT<2^-P f {-x) o ^cj^-p AT; 

(2) the operator w^"*' A T is well defined on £^{T^lo) and continuous 
under decreasing sequences; 

(3) the function x ° is integrable with respect to the positive Radon 
measure ui^p A 1 . 

This is of great interest in the dynamical study of meromorphic endomor- 
phisms. Assume for instance that / : X — > X is a meromorphic cndomor- 
phism of some compact kahler surface X (n = 2), whose topological degree 
is smaller than the first dynamical degree A = Ai(/) := limj_>_|_oo[ri(/'')]^/'', 
where ri(/) denotes the spectral radius of the linear action induced by /* 
on R) (see [DF]). When / is 1-stable (i.e. when the iterates of / 

do not contract any curve into the indeterminacy locus If of /), it is known 
that 

where uj^ is a positive closed (1, l)-current with bounded potentials, whose 
cohomology class is /*-invariant, and T"*" is a canonical /*-invariant positive 
current, /*T+ = Ar+ (see [DDG]). Similarly 

^T-=u- + dcfg-, 

where u>~ is a positive closed (1, l)-current with bounded potentials, whose 
cohomology class is /^,-invariant, and T~ is the canonical /^-invariant posi- 
tive current, /^T" = AT" (see [DDG]). 

It is a difficult and important question to define the dynamical wedge 
product A T~: this product is expected to yield the unique measure 
of maximal entropy. When € £^ (T^ , lo^ ) , one can use our ideas above 
and show that not only is the measure = A T~ well defined, but 
also X ° 5^ € L^il^f)- III particular the measure does not charge the set 
{g~^ = — oo). This has several interesting dynamical consequences, as shown 
in the paper [DDG] to which we refer the reader. Note that when x{t) = t, 
this condition was introduced and extensively studied by E.Bedford and 
J.Diller in [BD]: in this case the functions g~^,g~ have necessarily gradients in 
L^(X). Our weaker condition allows us to handle functions whose gradient 
does not necessarily belong to L^(X), as already noted above (Example 
2.14). 

To illustrate these ideas we now consider the special case where X = is 
the complex projective plane equipped with the Fubini-Study Kahler form 
(jj, and / : ^ is a 1-stable birational map {dt{f) = 1), with Ai(/) > 1. 
The invariant currents write = lo + ddf'g^, where g^ G PSH{X,lo). 
The functions g^,g~ do not belong to the class £{¥''^,oj) because they have 
positive Lelong numbers at points of indeterminacy of the mappings 
n G Z, however we have the following result. 

Proposition 5.5. If g+ G £^{T-,u) then g := maD^{g+,g-) G f^(p2,w). 
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Proof. We can assume without loss of generality that g~^,g < 0, hence g < 
0. The Bedford-Dillcr condition g+ G S^{T-,uj) implies that Vg+,Vg~ € 
L^(P^), hence Vg G L^(P^) and the complex Monge- Ampere measure (w + 
is well defined (see [BT 2] and [BD]). Now 

It follows from Cauchy-Schwarz inequality that the first integral in the RHS 
is finite. We can bound the last one from above by using Stokes theorem, 



/ {-g+)dd''gALUg= f {-g)dd''g+ ALUg< [ {-g) 
Jx Jx Jx 



UJg+ ALOg. 



Now 



L 



{-9pg+ ^l^g < {-9 )'^g+ A UJg 

Jx 

= / (-5~)wg+Au;+ / {-g')ujg+ Add^'g 
Jx Jx 

< 0(1) + / i-9)iOg+ A iOg- 

Jx 

< 0(1) + / (-5+ 

Jx 



)LOg+ AT < +00, 



the last integral being finite because g'^ e 6^ {T , uj) . □ 

It is an interesting problem to determine whether fJ-f = {u) + dd'^g)'^ . This 
is the case when e.g. / is a complex Henon mapping, and it would imply - 
by Theorem 4.2 - that £^{F'^,lv) C L^{iJ,f), hence in particular /uj does not 
charge pluripolar sets. 

5.3. Singular Kahler-Einstein metrics. It is well-known that solving 
Monge- Ampere equations 

[MA] {X, w, /x) (w + ddV)" = 

is a way to produce Kahler-Einstein metrics (see [Ca], [A], [Y], [T], [K 1]). 
In the classical case, the measure n = foj'^ admits a smooth density / > 0. 
When the ambient manifold has some singularities (which is often the case in 
dimension > 3), one has to allow the equation [MA\{X,uj,ij) to degenerate 
in two different ways: resolving the singularities it : X ^ X oi X yields a 
new equation [M A\{X ^ Co ^ ji) , where 

(1) {a;} = {7r*w} is a semi-positive and big class (one looses strict posi- 
tivity along the exceptional locus E-,^); 

(2) /X = /a;" is a measure with density 0</G-L^',p>l, which may 
have zeroes and poles along some components of <S^. 

In this paper we have focused on the second type of degeneracy. We would 
like to mention that our techniques are supple enough so that we can produce 
solutions (p € <fx(^i ^) the Monge- Ampere equations [MA\ (X, a), fx), even 
when {a;} is merely big and semi-positive rather than Kahler, as was assumed 
for simplicity throughout section 4. This is done by perturbing the form a), 
adding small mutliples of a Kahler form $7, ujj := u + ejQ,, and trying to 
understand what happens at the limit. 
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An elementary but crucial observation here is that classes £^{X,(jj) have 
good stability properties in the following sense. 

Proposition 5.6. Fia; x € W := W U W^, M >1. Let Uj be a sequence 

of positive closed (1,1) -currents with bounded potentials, that decrease to- 
wards u), another current with bounded potentials. Assume ipj G £-)^(X,iOj) 
decreases towards (p pointwise and supj \x{\^j\)\{'^j + dd'^fj)'^ < +oo. 
Then (p G £y.{X,Lo) and {uij + dd'^^pjY — (a; + dd'^^pY- 

Proof. We can assume without loss of generality that (/^ < < 0. Set 

ip^ := majc{(pj, —K) and (p^ := max(<^, —K). 

It follows from the fundamental inequalities that the (x,a;j)-energy of the 

functions ip^ is uniformly bounded independently of both j and K. 

Let v be any cluster point of the bounded sequence of positive measures 
i^j := (-x) o ipf {ujj + dd^ipf^. Observe that (wj + dd^ipfY ^ {u + 
dd^ip^Y ^ 3 ~^ +00, since (p^ decreases towards (p^ and these functions 
arc uniformly bounded [BT 3]. It follows therefore from the upper-semi- 
continuity of ip^ that 

< i-x) o (w + dd^^^Y < V. 

In particular E^{(p^) is bounded from above by iy{X), hence ip G £y^{X,uj) 
by Corollary 2.4. 

The convergence of (iOj -\- dd'^ipj)'^ towards {u -\- dd'^ip)'^ follows again from 
the fact that {loj + dd'^ipjY ~ i^j + dd'^ipj)'^ converges towards zero as K ^ 
+00, uniformly with respect to j. □ 

We refer the reader to [EGZ] for an application to the construction of 
Kahler-Einstein metrics on canonical/minimal models in the sense of Mori. 
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